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Abstract
The main purpose of this note is the study of the total space of a
holomorphic Lie algebroid E. The paper is structured in three parts.
In the first section we briefly introduce basic notions on holomorphic
Lie algebroids. The local expressions are written and the complexified
holomorphic bundle is introduced.
The second section is a little broader and includes two approaches
to study the geometry of complex manifold E. The first part contains
the study of the tangent bundle TCE = T
′E ⊕ T ′′E and its link, via
tangent anchor map, with the complexified tangent bundle TC(T
′M) =
T ′(T ′M) ⊕ T ′′(T ′M). A holomorphic Lie algebroid structure has been
emphasized on T ′E. A special study is made for integral curves of a spray
on T ′E. Theorem 2.1 gives the coefficients of a spray, called canonical,
according to a complex Lagrangian on T ′E. In the second part of section
two we study the prolongation T′E of E × T ′E algebroid structure.
In the third section we study how a complex Lagrange (Finsler) struc-
ture on T ′M induces a Lagrangian structure on E. Three particular cases
are analyzed by the rank of anchor map, the dimensions of manifold M
and the fibre dimension. We obtain the correspondent on E of the well-
known ([10]) Chern-Lagrange nonlinear connection from T ′M .
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Introduction
Lie algebroids are a generalization of Lie algebras and vector bundles. They
are anchored vector bundles with a Lie bracket defined on the modules of sec-
tions induced from tangent bundle. Lie algebroids provide a natural setting in
which one can develop the theory of differential operators such as the exterior
derivative of forms and the Lie derivative with respect to a vector field. This
setting is slightly more general than that of the tangent and cotangent bundles
of a smooth manifold and their exterior powers.
Lie algebroids represent an active domain of research, with applications in
many areas of mathematics and physics. A well-known example is the work of
A. Weinstein [15] in the area of Mechanics, who developed a generalized theory
of Lagrangians on Lie algebroids and obtained the Euler-Lagrange equations
using the structure of the dual of Lie algebroids and Legendre transformations
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associated with a regular Lagrangian. On the other hand, E. Martinez [8, 9]
developed another approach using the notion of prolongation of Lie algebroid, for
that fundamental notions on tangent bundle geometry, such as spray theory and
nonlinear connection, can be transferred to this prolongation. Many recently
results are obtained on Lie algebroids ( [2, 3, 12, 13, 11] etc.).
In complex geometry, some properties of complex and holomorphic Lie al-
gebroids have been studied in [16, 7, 5].
The present paper analyzes specific notions from real Lie algebroids theory in
the case of holomorphic Lie algebroids. The paper is organized as follows. The
first part gives basic definitions of a holomorphic anchor map, holomorphic Lie
algebroid, Lie bracket on such an algebroid, which are also locally characterized.
More details and linear connections on E and EC are presented in [6].
In the geometry of the manifold holomorphic Lie algebroid E, two approaches
are taken into account. One is of the tangent bundle T ′E, which has in its turn a
natural structure of Lie algebroid. The geometry of T ′E is ”linearized” by using
a nonlinear connection for which, in respect to its adapted frames, we study a
distinguished complex linear connection. The classical notions of semisprays and
sprays are defined in this case following the variational problem on an algebroid
endowed with a Lagrangian structure. The main results is Theorem 2.1, which
gives the coefficients of a spray, called canonical, from the variational problem.
The second approach concerns the prolongation T′E of a holomorphic Lie
algebroid. Using a complete lift we introduce the Liouville tensor and an al-
most tangent structure for defining a different type of nonlinear connection on
the prolongation T′E. It is proved how the nonlinear connection on T ′E defines
a nonlinear connection on T′E. Theorem 2.2 gives the procedure of deriving a
nonlinear connection on T′E from a spray on T′E. Corroborate with Theorem
2.1, we can say that we have solved the problem of determining of adapted
frames, and so of ”linearizing” of the geometry of a holomorphic algebroid en-
dowed with a regular Lagrangian L.
In the last section we study the possibility of inducing Lagrange structures on
holomorphic Lie algebroids from a Lagrangian structure on the tangent bundle
T ′M . Three particular cases are analyzed by the rank of anchor map and
dimensions of manifold M and fiber dimension. It is proved that a Lagrangian
on T ′M and the well known Chern-Lagrange nonlinear connection on T ′M
induces a Lagrangian structure on T′E and consequently, by Theorems 2.1 and
2.2, a nonlinear connection on T′E.
1 Holomorphic Lie algebroids
Let M be a complex n-dimensional manifold and E a holomorphic vector
bundle of rank m over M . Denote by pi : E → M the holomorphic bundle
projection, by Γ(E) the module of holomorphic sections of pi and let TCM =
T ′M⊕T ′′M be the complexified tangent bundle of M , split into the holomorphic
and antiholomorphic tangent bundles.
On a vector bundle (E, pi,M) the definition of a derivative law is D : χ(M)×
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Γ(E) → Γ(E), DXs, such that DfXs = fDXs and DX(fs) = fDXs + X(f).
While these notions make sense on the fibers of E, the Lie bracket [s1, s2]f ,
where s1, s2 ∈ Γ(E), has no mathematical meaning. Hence the notion of Lie
algebroids.
Definition 1.1. The holomorphic vector bundle E over M is called anchored if
there exists a holomorphic vector bundle morphism ρ : E → T ′M , called anchor
map.
Denote by Γ(T ′M) the module of holomorphic sections of T ′M , that is, the
holomorphic vector fields on M , and by H(M) the ring of holomorphic functions
on M .
Using the anchor map, we can define a Lie bracket on E from the Lie bracket
on T ′M by
ρE([s1, s2]E) = [ρE(s1), ρE(s2)]T ′M , (1.1)
s1, s2 ∈ Γ(E). For any f ∈ H(M),
ρE [s1, fs2]E = [ρE(s1), ρE(fs2)]T ′M = [ρE(s1), fρE(s2)]T ′M =
= f [ρE(s1), ρE(s2)]T ′M + ρE(s1)(f)ρE(s2).
These considerations lead to the following definition ([15, 7, 5, 8]):
Definition 1.2. A holomorphic Lie algebroid over M is a triple (E, [·, ·]E , ρE),
where E is a holomorphic vector bundle anchored over M , [·, ·]E is a Lie bracket
on Γ(E) and ρE : Γ(E) → Γ(T ′M) is the homomorphism of complex modules
induced by the anchor map ρ such that
[s1, fs2]E = f [s1, s2]E + ρE(s1)(f)s2 (1.2)
for all s1, s2 ∈ Γ(E) and all f ∈ H(M).
Note that (1.1) means that ρE : (Γ(E), [·, ·]E)→ (Γ(T ′M), [·, ·]) is a complex
Lie algebra homomorphism.
Also, the Lie bracket [·, ·]E satisfies the Jacobi identity
[s1, [s2, s3]E ]E + [s2, [s3, s1]E ]E + [s3, [s1, s2]E ]E = 0. (1.3)
The main examples of holomorphic Lie algebroids are, of course, offered
by the holomorphic tangent bundle T ′M , or its cotangent bundle T ′∗M . Some
other examples can be derived from those presented in [5], in the particular cases
of complex manifolds (complex Poisson manifold, complete lift and prolongation
of a Lie algebroid, direct product structure, etc.).
An example of interest is the projective bundle of a complex Finsler manifold.
If (M,F ) is a complex Finsler manifold ([10]), then F : T ′M → R+ is a real
function of position z ∈ M and direction η ∈ T ′zM. Consider homogeneous
coordinates [η] that determine PzM, the lines bundle in each z ∈ M˙. The
reunion of all these lines gives the projective bundle PM ∼= T ′M/C∗, which has
a natural structure of holomorphic Lie algebroid by ρ : [η] → η. Here, things
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are more subtle. PM as a complex manifold is isometric with the indicatrix
IM = ∪z∈MIzM , where IzM = {η ∈ T ′zM / F (z, η) = 1}. If gij¯(z, η) is
the metric tensor of the complex Finsler space (see below in the paper the
corresponding notations), then G = gij¯dη
i ⊗ dη¯j is a metric structure on IM ,
and h = gij¯dz
i ⊗ dz¯j + (log F 2)ij¯dηi ⊗ dη¯j is a metric structure on PM (see
[4, 14]). Then a metric structure on T ′M , descending from h is g = gij¯dzi ⊗
dz¯j + gij¯δη
i ⊗ δη¯j .
Local expressions
If (zk)k=1,n is a local complex coordinate system on U ⊂M and {eα}α=1,m
is a local frame of sections of E on U , then (zk, uα) are local complex coordinates
on pi−1(U) ⊂ E, where e = uαeα(z), e ∈ E.
Let gUV : U ∩ V → GL(m,C) be the holomorphic transition functions of
E. In z ∈ U ∩ V , gUV (z) is represented by the complex matrix of holomorphic
functions
(
Mαβ (z)
)
, such that, if (z˜k, u˜α) are local coordinates on pi−1(V ), then
these change by the rules
z˜k = z˜k(z), u˜α = Mαβ (z)u
β . (1.4)
The Jacobi matrix of the transformation laws (1.4) is
∂z˜k
∂zh
0
∂Mαβ
∂zh
uβ Mαβ
 (1.5)
Let
(
W βα
)
be the inverse matrix of
(
Mαβ
)
, and {eα} a base of sections on E,
that is, u = uαeα for any u ∈ Γ(E). Then these change by the rules
e˜α = W
β
α eβ .
The action of the holomorphic anchor map ρE can locally be described by
ρE(eα) = ρ
k
α
∂
∂zk
, (1.6)
while the Lie bracket [·, ·]E is locally given by
[eα, eβ ]E = C
γ
αβeγ . (1.7)
The holomorphic functions ρkα = ρ
k
α(z) and C
γ
αβ = C
γ
αβ(z) on M are called the
holomorphic structure functions of the Lie algebroid E. A change of local charts
on E implies
ρ˜kα = W
β
α ρ
h
β
∂z˜k
∂zh
. (1.8)
Since E is a holomorphic vector bundle, it has the structure of a complex
manifold, and the natural complex structure acts on its sections by JE(eα) = ieα
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and JE(e¯α) = −ie¯α. Hence, the complexified bundle EC of E decomposes into
EC = E′⊕E′′. The sections of EC are given as usual by Γ(E′) = {s− iJEs | s ∈
Γ(E)} and Γ(E′′) = {s + iJEs | s ∈ Γ(E)}, respectively. The local basis of
sections of E′ is {eα}α=1,m, while for E′′, the basis is represented by their
conjugates {e¯α := eα¯}α=1,m. Since ρE : E → T ′M is a homomorphism of
complex modules, it extends naturally to the complexified bundle by ρ′(eα) =
ρE(eα) and ρ
′′(eα¯) = ρE(eα¯). Thus, the anchor map can be decomposed into
ρE = ρ
′ ⊕ ρ′′ on the complexified bundle, and since E is holomorphic, the
functions ρ(z) are holomorphic, hence ρk¯α = ρ
k
α¯ = 0 and ρ
k¯
α¯ = ρ
k
α. Thus, the
anchored bundles (E′, ρ′, T ′M) and (E′′, ρ′′, T ′′M) are complex Lie algebroids
([5]). The Lie brackets are defined as
[eα, eβ ]
′ = [eα, eβ ]E = C
γ
αβeγ ; [eα¯, eβ¯ ]
′′ = [eα, eβ ]E = C
γ¯
α¯β¯
eγ¯ ,
where C γ¯
α¯β¯
= Cγαβ . On the complexified bundle EC, we have to consider also the
Lie brackets
[eα, eβ¯ ] = C
γ
αβ¯
eγ + C
γ¯
αβ¯
eγ¯ ; [eα¯, eβ ] = C
γ
α¯βeγ + C
γ¯
α¯βsγ¯ .
It is obvious that [eα, eβ¯ ] = [eα¯, eβ ], hence C
γ¯
αβ¯
= C γ¯
αβ¯
and Cγ
αβ¯
= C γ¯α¯β .
Proposition 1.1. The structure functions of the complexified Lie algebroid
(EC, [·, ·], ρE) satisfy the identities:
ρjα
∂ρiβ
∂zj
− ρjβ
∂ρiα
∂zj
= ρiγC
γ
αβ , ρ
i
γC
γ
αβ¯
= −ρj¯
β¯
∂ρiα
∂z¯j
, ρi¯γ¯C
γ¯
αβ¯
= ρjα
∂ρi¯
β¯
∂zj
,
ρj¯α¯
∂ρi¯β
∂z¯j
− ρj¯
β¯
∂ρi¯α¯
∂z¯j
= ρi¯γ¯C
γ¯
α¯β¯
, ρi¯γ¯C
γ¯
α¯β = −ρjβ
∂ρi¯α¯
∂zj
, ρiγC
γ
α¯β = ρ
j¯
α¯
∂ρiβ
∂z¯j
.
Proof. The identities follow by direct computations using (1.1), (1.6) and (1.7).
2 The geometry of the total space of E
Two approaches on the tangent bundle of a holomorphic Lie algebroid E will
be described in this section. The first is the classical study of the tangent bundle
of E, while the second is that of the prolongation on E. The latter idea appeared
from the need of introducing geometrical objects such as nonlinear connections
or sprays which could be studied in a similar manner to the tangent bundle of
a complex manifold.
2.1 The tangent bundle of a holomorphic Lie algebroid
Recall ([10]) that a complex Lagrange space is a pair (M,L), where L :
T ′M → R is a regular Lagrangian defined on the holomorphic tangent bundle
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of a complex manifold. The geometrical objects acting on such a space are
sections in the complexified tangent bundle TC(T ′M) = T ′(T ′M)⊕ T ′′(T ′M).
The holomorphic tangent bundle T ′M of M is in its turn a complex manifold,
and the changes of local coordinates (zh, ηh) to (z′k, η′k) are
z′k = z′k(z) , η′k =
∂z′k
∂zh
ηh. (2.1)
The natural frame
{
∂
∂zk
,
∂
∂ηk
}
of T ′(z,η)(T
′M) in a fixed point, changes
from (zh, ηh) to (z′k, η′k) by the rules
∂
∂zh
=
∂z′k
∂zh
∂
∂z′k
+
∂2z′k
∂zj∂zh
ηj
∂
∂η′k
, (2.2)
∂
∂ηh
=
∂z′k
∂zh
∂
∂η′k
.
The generalization consists in introducing a Lagrange structure (in particu-
lar, Finsler) on a holomorphic vector bundle, a well-known idea from T. Aikou
[1], and G. Munteanu [10]. The basis manifold of such a space is the complex
manifold E endowed with a regular Lagrangian L : E → R and the geome-
try of the space obviously implies studying geometrical objects (vectors, metric
structures, connections) which act on sections in the complexified tangent bun-
dle TCE = T ′E ⊕ T ′′E, where T ′E is the holomorphic tangent bundle and
T ′′E = T ′E. In particular, a Lie algebroid is first of all a holomorphic vector
bundle and its geometry must be studied.
On T ′E, a natural frame of fields is
{
∂
∂zk
,
∂
∂uα
}
, which, due to the (1.5)
matrix, changes by the rules
∂
∂zh
=
∂z˜k
∂zh
∂
∂z˜k
+
∂Mαβ
∂zh
uβ
∂
∂u˜α
, (2.3)
∂
∂uβ
= Mαβ
∂
∂u˜α
.
Since E is a complex manifold, it follows that
{
∂
∂zk
,
∂
∂uα
}
is a local frame on
T ′′E = T ′E and its rules of change are deduced from (2.3) by conjugation.
Now, let us consider E and T ′M as manifolds and we prove that the anchor
map ρE maps the local coordinates (z
k, uα) on E, with changes (1.4), in a local
map (zk, ηk) on T ′M , with changes (2.1). Further, let us consider the same local
charts on M for E and T ′M , that is, we have the same changes z˜k(z) = z′k(z).
As a mapping between manifolds, the holomorphic anchor ρ induced by
ρE maps (z
k, uα) on E to (zk, ηk) on T ′M , where we define the directional
coordinates by
ηk = uαρkα(z). (2.4)
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Let us prove that (2.4) define a sistem of coordinates on T ′M. A change of local
charts implies that (z˜k, u˜α) is mapped to (z′k, η′k), where z′k = z˜k(z) = z′k(z)
and
η′k = u˜αρ˜kα(z˜) = M
α
β u
βW γαρ
h
γ
∂z˜k
∂zh
= uβρhγ
∂z˜k
∂zh
= ηh
∂z′k
∂zh
,
so that the changes (2.1) are satisfied, and moreover we have:
z′k = z′k(z), η′k = uγρhγ
∂z′k
∂zh
. (2.5)
These transformation laws have the following Jacobi matrix:
∂z′k
∂zj
0
∂
∂zj
(
ρhγ
∂z′k
∂zh
)
uγ ρhβ
∂z′k
∂zh
 (2.6)
Denote by ρ∗ : TCE → TC(T ′M) the tangent mapping of the anchor ρE :
Γ(E) → Γ(T ′M) and by J∗T ′M : TC(T ′M) → TC(T ′M) the natural complex
structure on TC(T ′M).
Definition 2.1. A complex structure J∗E on the complex tangent bundle TCE
is an endomorphism J∗E : TCE → TCE given by
J∗E
(
∂
∂zk
)
= i
∂
∂zk
, J∗E
(
∂
∂zk
)
= −i ∂
∂zk
, (2.7)
J∗E
(
∂
∂uα
)
= i
∂
∂uα
, J∗E
(
∂
∂uα
)
= −i ∂
∂uα
.
The complex structure J∗E satisfies the identities J
∗
E
2 = − IdTCE and J∗T ′M ◦
ρ∗ = ρ∗ ◦ J∗E .
The splitting TCE = T ′E ⊕ T ′′E of the complexified tangent bundle is due
to the complex structure J∗E , the holomorphic and antiholomorphic tangent
bundles of E corresponding to the eigenvalues ±i of J∗E . Moreover, there are two
modules of sections on TCE, Γ(T ′∗E s | s ∈ Γ(TCE)} and Γ(T ′′∗E s | s ∈ Γ(TCE)}.
Since the tangent anchor map ρ∗ is holomorphic, if s ∈ Γ(T ′E) is a holomorphic
section on TCE, then ρ∗(s) ∈ Γ(T ′(T ′M))). Similarly, for an antiholomorphic
section s ∈ Γ(T ′′E), ρ∗(s) ∈ Γ(T ′′(T ′M)).
The anchor ρ maps the coordinates (zk, uα) from a local chart on the man-
ifold E to the coordinates (zk, ηk = uαρkα(z)) in a local chart on ρ(E) ⊂ T ′M .
The Jacobi matrix of the morphism is ρ is δ
k
h 0
∂ρkα
∂zh
uα ρhα

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Then
{
∂
∂zk
,
∂
∂ηk
,
∂
∂z′k
,
∂
∂ηk
}
is the natural frame field on TC(T ′M) and the
action of the tangent mapping ρ∗ is locally described on ρ(E) by
ρ∗
(
∂
∂zk
)
=:
∂∗
∂zk
=
∂
∂zk
+ uα
∂ρhα
∂zk
∂
∂ηh
, (2.8)
ρ∗
(
∂
∂uα
)
=:
∂∗
∂uα
= ρhα
∂
∂ηh
and their conjugates. The dual basis of the natural frame
{
∂
∂zk
,
∂
∂ηk
}
induced
by ρ∗ on ρ(E) is
d∗zk = dzk (2.9)
d∗ηk = uα
∂ρkα
∂zh
dzh + ρkαdu
α
For a change of coordinates on TC(T ′M), the change laws on TCE are, due
to the Jacobi matrix (2.6),
∂∗
∂zj
=
∂z′k
∂zj
∂
∂z′k
+
∂
∂zj
(
ρhγ
∂z′k
∂zh
)
uγ
∂
∂η′k
, (2.10)
∂∗
∂uβ
= ρhβ
∂z′k
∂zh
∂
∂η′k
and the conjugates.
2.1.1 The Lie algebroid structure of T ′E
We prove that T ′E has a Lie algebroid structure over the basis manifold
M . Let p′ : T ′M → M be the projection of the holomorphic tangent bundle
of M and p′∗ : T
′T ′M → T ′M its tangent map, acting at a point (z, η) by
Zk
∂
∂zk
+ V k
∂
∂ηk
p′∗−−−→ Zk ∂
∂zk
.
Then, the following diagram
T ′E
ρ∗−→ T ′T ′M
piE ↓ ↓ p′∗
E
ρ−−→ T ′M
pi ↓ ↓ p′
M
IdM−−−→ M
(2.11)
suggests the definition of the map Υ : T ′E → T ′M , Υ = p′∗ ◦ ρ∗, in order to
introduce a holomorphic Lie algebroid structure on T ′E. Since T ′M and T ′E
are holomorphic bundles, from the definition of Υ follows that it is a vector
bundle morphism.
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Locally, we have Z = Zk
∂
∂zk
+ V α
∂
∂uα
ρ∗−−−→ Z∗ = Zk ∂
∗
∂zk
+ V α
∂∗
∂uα
. The
action (2.8) and the definition of p′∗ yield Υ(Z) = Z
k ∂
∂zk
.
Since T ′E is a vector bundle over M , taking the Lie bracket of two sections
[Z,W ]T ′E and f : M → C, we obtain ∂f
∂uα
= 0, such that
[Z, fW ]T ′E = f [Z,W ]T ′E + Υ(Z)f W. (2.12)
This leads to the following
Proposition 2.1. The holomorphic tangent bundle T ′E has a structure of a
Lie algebroid over the complex manifold M , with the anchor map Υ.
Using the definition of Υ, it follows that it is a homomorphism between the
complex Lie algebras
(
Γ(T ′E), [·, ·]T ′E
)
and
(
Γ(T ′M), [·, ·]), that is,
Υ[Z,W ]T ′E = [Υ(Z),Υ(W )], ∀Z,W ∈ Γ(T ′E).
2.1.2 Nonlinear connections on T ′E
It is obvious that the rules of change of the natural frame of fields on TCE
are complicated. As in the case of Finsler geometry, the solution to this problem
is the method of nonlinear connection. Consider pi∗ the tangent mapping of the
projection pi : E →M . Then the vertical holomorphic tangent bundle of E can
be defined by V E = kerpi∗. A local frame of fields on V E is
{
∂
∂uα
}
α=1,m
and
if pi∗(T ′M) is the pull-back bundle of the holomorphic tangent bundle of M ,
then the following fundamental sequence is obtained ([10]):
0 → V E i→ T ′E dpi→ pi∗(T ′M) → 0. (2.13)
As usual, a splitting C : T ′E → V E in this sequence is called a connection
on the vertical bundle and it determines the decomposition
T ′E = V E ⊕HE (2.14)
of the holomorphic tangent bundle of E, where HE is the horizontal distribution,
isomorphic to the pull back bundle pi∗(T ′M) by the morphism dpi from the exact
sequence (2.13). This isomorphism is called complex nonlinear connection or
Ehresmann connection (T. Aikou, [1]) on the holomorphic vector bundle E.
The decomposition of the complexified tangent bundle TCE is obtained by
conjugation:
TCE = HE ⊕ V E ⊕HE ⊕ V E.
The horizontal lift lh : pi∗(T ′M) → HE determined by the nonlinear con-
nection is defined by
lh
(
∂
∂zk
)
=
δ
δzk
=
∂
∂zk
−Nαk
∂
∂uα
, (2.15)
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(see [10]), where the functions Nαk (z, u) are called the coefficients of the complex
nonlinear connection on E. A change of local coordinates implies that
δ
δzh
changes by the rule
δ
δzh
=
∂z˜k
∂zh
δ
δz˜k
,
such that, using also (2.3), the laws of change for the functions Nαk are obtained:
∂z˜k
∂zh
N˜αk = M
α
βN
β
h −
∂Mαβ
∂zh
uβ . (2.16)
A field of frames
{
δ
δzk
,
∂
∂uα
}
on T ′E is obtained, called the adapted frame
of the complex nonlinear connection. A simple computation using (2.12) and
(2.15) leads to the following result.
Proposition 2.2. The Lie brackets of the adapted frame on T ′E are[
δ
δzk
,
δ
δzh
]
T ′E
=
(
∂Nαk
∂zh
− ∂N
α
h
∂zk
)
∂
∂uα
; (2.17)[
δ
δzk
,
∂
∂uβ
]
T ′E
=
[
∂
∂uα
,
∂
∂uβ
]
T ′E
= 0.
Let
{
δ
δzk
,
∂
∂ηk
}
be the adapted frame of a complex nonlinear connection
on T ′T ′M , where
δ
δzk
=
∂
∂zk
−Nhk
∂
∂ηh
(2.18)
and denote by {dzk, δηk} the dual basis, with
δηk = dηk +Nkhdz
h. (2.19)
The coefficients of the complex nonlinear connection change by the rules ([10])
N ′jh
∂z′h
∂zk
=
∂z′j
∂zh
Nhk −
∂2z′j
∂zh∂zk
ηh. (2.20)
Analogously, on T ′E, the dual basis of the adapted frame is {dzk, δuα},
where
δuα = duα +Nαh dz
h. (2.21)
From now on, we will use the well-known abbreviations
δk =
δ
δzk
, ∂k =
∂
∂zk
, ∂α =
∂
∂uα
.
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2.1.3 Linear connections on T ′E
Linear connections can be introduced on the holomorphic tangent bundle
T ′E of the holomorphic Lie algebroid E in a similar manner as in the case
of the holomorphic tangent bundle T ′T ′M . Denote by Ar the set of complex
r-forms over M and Ar(E), the set of complex r-forms on E.
Definition 2.2. A complex linear connection on T ′E is a map
D : Γ(T ′E)× Γ(T ′E)→ Γ(T ′E), (Z,W ) 7→ DZW,
such that
DZ(fW ) = (Υ(Z)f)W + fDZW, ∀f ∈ A0(E), ∀Z,W ∈ Γ(T ′E). (2.22)
Locally, a section Z ∈ Γ(T ′E) can be decomposed in the adapted frame{
δ
δzk
,
∂
∂uα
}
of a complex nonlinear connection as introduced in the previous
section. Hence, the connection forms have vertical and horizontal components.
If the linear connection preserves the distributions from (2.14), then it is called
distinguished. A distinguished complex linear connection D on T ′E has the
following coefficients:
Dδkδj = L
i
jkδi, D∂γ δj = L
i
jγδi, Dδk∂β = L
α
βk∂α, D∂γ∂β = C
α
βγ∂α.
(2.23)
As usual, the next step is considering the torsion and curvature of such a
connection.
As usual, the torsion of a distinguished complex linear connection on T ′E is
T (Z,W ) = DZW −DWZ − [Z,W ]. (2.24)
Its coefficients are denoted by T (δh, δk) = T
i
hkδi + T
α
hkδα, etc. They are given
by
T ihk = L
i
kh − Lihk,
T αhk = ∂kN
α
h − ∂hNαk ,
T ihα = −L ihα,
T βhα = L
β
αh,
T γαβ = C
γ
αβ − T γβα.
The curvature of a distinguished complex linear connection on T ′E is defined
by
R(Z,W ) = DZDW −DWDZ −D[Z,W ]. (2.25)
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In the adapted frame of fields, the coefficients of the curvature are
R ijhk = ∂kL
i
jh − ∂hL ijk + L ljhL ilk − L ljkL ilh − (∂hNαk − ∂kNαh )L ijα,
R αβhk = ∂hL
α
βk − ∂kL αβh + L γβkL αγh + L γβhL αγk −
(
∂hN
γ
k − ∂kNγh
)
C αγβ ,
R αγkβ = ∂kC
α
γβ + C
σ
γβL
α
σk − L σγkC ασβ ,
R ihkβ = ∂kL
i
hβ + L
j
hβL
i
jk − L jhkL ijβ ,
R ikαβ = L
j
kβL
i
jβ − L jkαL ijβ ,
R σγαβ = C
τ
γβC
σ
τα − C τγαC στβ .
2.1.4 Semisprays and sprays
The notion of semispray on a holomorphic Lie algebroid has been introduced
in [6] following the steps from the real case ([2, 3]). Let ρE denote the anchor
map and pi∗, the tangent map of the projection pi and τE : T ′E → E.
Definition 2.3. A holomorphic section S : E → T ′E is called semispray if
i) τE ◦ S = IdE,
ii) pi∗ ◦ S = ρE.
Let c : I →M, I ⊂ R be a complex curve on M , c˜ : I → E a complex curve
on E such that pi ◦ c˜ = c and denote by ˙˜c the tangent vector field to the curve c˜.
Definition 2.4. The vector field ˙˜c is called admissible if
pi∗(˙˜c) = ρ(c˜). (2.26)
Locally, c(t) = (zk(t)), c˜ = (zk(t), uα(t)) and ˙˜c =
dzk
dt
∂
∂zk
+
duα
dt
∂
∂uα
, t ∈ I.
Then, the curve ˙˜c is admissible if and only if
dzk
dt
(t) = ρkα(z(t))u
α(t), ∀t ∈ I.
If S = Zk
∂
∂zk
+ Uα
∂
∂uα
, then, using the definition, it follows that S is a
semispray if and only if
Zk(z, u) = ρkα(z)u
α. (2.27)
The coefficients Uα(z, u) are not determined, thus, for easier computations, let
Uα = −2Gα, such that
S = ρkαu
α ∂
∂zk
− 2Gα(z, u) ∂
∂uα
. (2.28)
The rules of change for the coordinates of S are obtained using the (1.5)
matrix:
Z˜k =
∂z˜k
∂zh
Zh (2.29)
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and
G˜α = MαβG
β − 1
2
∂Mαβ
∂zk
uβρkγu
γ . (2.30)
Moreover, due to (1.8), the coefficients Zk(z, u) given by (2.27) verify the (2.29)
laws of change, which leads to the following result.
Proposition 2.3. A vector field S = ρkαu
α ∂
∂zk
−2Gα ∂
∂uα
∈ Γ(T ′E) is a semis-
pray if and only if the coefficients Gα verify the (2.30) rules of transformation.
A curve c : t 7→ (zi(t), uα(t)) on E is an integral curve of the semispray S if
it satisfies the system of differential equations
dzi
dt
= ρkα(t)u
α,
duα
dt
+ 2Gα(z, u) = 0. (2.31)
A semispray can then be characterized also by
Proposition 2.4. A vector field on E is a semispray if and only if all its integral
curves are admissible.
Now, if hλ : E → E is the complex homothety hλ : e 7→ λe, λ ∈ C, e ∈ E,
then a semispray S on E is called spray if
S ◦ hλ = λhλ,∗ ◦ S. (2.32)
Since the action of hλ is locally described by hλ : (z
k, uα) 7→ (zk, λuα), the
condition (2.32) becomes, equivalently,
Gα(z, λu) = λ2Gα(z, u), (2.33)
that is, the functions Gα are complex homogeneous of degree 2 in u.
Let L = uα
∂
∂uα
be the complex Liouville vector field on E. Then, an even
simpler formulation for the condition of spray can be obtained using Euler’s
theorem for homogeneous functions:
[L, S]E = S. (2.34)
In [6], we have obtained a complex spray from the variational problem.
Following the ideas of Weinstein ([15]), the Euler-Lagrange equations on E are
d
dt
(
∂L
∂uβ
)
= ρkβ
∂L
∂zk
+ ρk¯β
∂L
∂z¯k
+Qαβ
∂L
∂uα
+Qα¯β
∂L
∂u¯α
, (2.35)
where ρk¯β = 0 since E is holomorphic and Q
α
β and Q
α¯
β must be determined.
Theorem 2.1. On a holomorphic Lie algebroid E endowed with a regular La-
grangian L(z, u) and a Hermitian metric tensor gα¯β with det(gα¯β) 6= 0, a com-
plex canonical spray is given by
Gα =
1
2
(
gβ¯α
∂2L
∂zk∂u¯β
+
1
2
Wαε
∂Mεβ
∂zk
uβ
)
ρkγu
γ (2.36)
Remark 2.1. If the Lagrangian on E is complex homogeneous, then the spray
is complex homogeneous of degree 2 in u.
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2.2 The prolongation of a holomorphic Lie algebroid
For the holomorphic Lie algebroid E over a complex manifold M , its prolon-
gation will be introduced using the tangent mapping pi∗ : T ′E → T ′M and the
holomorphic anchor map ρE : E → T ′M . Define the subset T′E of E × T ′E by
T′E = {(e, v) ∈ E × T ′E|ρ(e) = pi∗(v)} and the mapping piT : T′E → E, given
by piT(e, v) = piE(v), where piE : T
′E → E is the tangent projection. Then
(T′E, piT, E) is a holomorphic vector bundle over E, of rank 2m. Moreover, it
is easy to verify that the projection onto the second factor ρT : T
′E → T ′E,
ρT(e, v) = v, is the anchor of a new holomorphic Lie algebroid over the complex
manifold E (see [8, 9, 12] for details in the real case).
The vertical subbundle of the prolongation is defined using the projection
onto the first factor τ1 : T
′E → E, τ1(e, v) = e, by
V T′E = ker τ1 = {(e, v) ∈ T′E | τ1(e, v) = 0}.
From the construction above, it follows that any element of V T′E has the form
(0, v) ∈ E × T′E, with pi∗(v) = 0. Then, vertical elements (0, v) ∈ V T′E have
the property v ∈ kerpi∗ and v is a vertical vector on E.
The local coordinates on T′E are (zk, uα, vα, wα), obtained from the local
coordinates (zk, uα) of e by using the identity ρ(e) = pi∗(v), which yields the
vector v in the form
v = ρkαv
α ∂
∂zk
+ wα
∂
∂uα
.
The local basis of holomorphic sections in Γ(T′E) is {Zα,Vα, }, defined by
Zα(e) =
(
sα(pi(e)), ρ
k
α
∂
∂zk
∣∣∣∣
e
)
, Vα(e) =
(
0,
∂
∂uα
∣∣∣∣
e
)
,
where
{
∂
∂zk
,
∂
∂uα
}
is the natural frame on T ′E.
If W is a holomorphic section of T′E, then its decomposition in the basis
{Zα,Vα} is
W = ZαZα + V
αVα,
where Zα and V α are holomorphic functions of z and u.
Also, the holomorphic vector field ρT(W ) ∈ Γ(T ′E) can be written as
ρT(W ) = ρ
k
αZ
α(z, u)
∂
∂zk
∣∣∣∣
(z,u)
+ V α(z, u)
∂
∂uα
∣∣∣∣
(z,u)
.
A section Z ∈ Γ(E) can be lifted to sections of the prolongation T′E by
considering its vertical and complete lifts Zv and Zc, which will be defined in
the following (see [6]). The vertical lift of a section Z ∈ Γ(E), Z = Zαsα, is a
vector field on E given by
Zv(z, u) = Zα(z)
∂
∂uα
. (2.37)
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In particular, svα =
∂
∂uα
.
The complete lift Zc of a section Z ∈ Γ(E) is a vector field on E defined by
Zc(z, u) = Zαρkα
∂
∂zk
+
(
ρkβ
∂Zα
∂zk
− ZγC αγβ
)
uβ
∂
∂uα
. (2.38)
In particular, scα = ρ
k
α
∂
∂zk
− C γαβuβ
∂
∂uγ
.
The lifts on T′E are defined as
ZV (e) = (0, Zv(e)), ZC(e) = (Z(pi(e)), Zc(e)), e ∈ E.
In local coordinates, if Z = Zαsα, then the expressions of Z
V and ZC are
ZV = ZαVα, Z
C = ZαZα +
(
ρkβ
∂Zα
∂zk
− ZγC αγβ
)
uβVα.
In particular, sVα = Vα and s
C
α = Zα − C βαγuγVβ .
The Lie bracket [·, ·]T on T′E satisfies the identities
[ZV ,WV ]T = 0, [Z
V ,WC ]T = [Z,W ]
V
E , [Z
C ,WC ]T = [Z,W ]
C
E
for Z,W ∈ Γ(E). The structure of a holomorphic Lie algebroid on the vector
bundle (T′E, piT, E) is therefore given by ([·, ·]T, ρT). The action of the anchor
ρT on T
′E is locally described by
ρT(Zα) = ρ
k
α
∂
∂zk
, ρT(Vα) =
∂
∂uα
.
Lemma 2.1. The Lie brackets of the basis {Zα,Vα} are:
[Zα,Zβ ]T = C
γ
αβZγ , [Zα,Vβ ]T = 0, [Vα,Vβ ]T = 0.
As in the real case ([8]), a differential ∂T can be defined on T
′E. Denoting
by {Zα,Vα} the dual base of {Zα,Vα}, then
∂Tz
k = ρkαZ
α, ∂Tu
α = Vα
and
∂TZ
α = −1
2
C αβγZ
β ∧ Zγ , ∂TVα = 0.
As announced in the previous section, the notion of semispray for a Lie
algebroid can be introduced in another manner as well ([8, 12]). More precisely,
a semispray can also be considered on the prolongation T′E of the holomorphic
Lie algebroid E. Let L be the complex Liouville section on T′E, defined by
L(e) = (0, eVe ), e ∈ E. (2.39)
The coordinate expression of L is
L = uαVα. (2.40)
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Also, let T be the tangent structure (or vertical endomorphism) defined on
T′E by
T (ZC) = ZV , T (ZV ) = 0. (2.41)
In local coordinates,
T = Zα ⊗ Vα, (2.42)
which yields
T (Zα) = Vα, T (Vα) = 0. (2.43)
Lemma 2.2. If T is the complex tangent structure on T′E and C is the complex
Liouville section, then
T 2 = 0, ImT = kerT = V T′E, [L, T ]T = −T. (2.44)
These two canonical complex objects on T′E can now be used for defining
the notion of complex semispray on the prolongation of E.
Definition 2.5. A section S of the holomorphic Lie algebroid T′E is called
complex semispray on E if
T (S) = L.
In order to describe locally a complex semispray on T′E, let S = AαZα +
BαVα. Then, (2.40) and (2.43) yield A
α = uα, and for convenience let Bα =
−2Gα. Therefore, the local expression of a semispray on T′E is
S = uαZα − 2Gα(z, u)Vα.
If [L, S]T = S, then S is called spray and G
α are homogeneous functions of
degree 2.
2.2.1 Nonlinear connections on T′E
The method of nonlinear connection discussed in Section 2.1.2 will be applied
here for the prolongation T′E of the holomorphic Lie algebroid E. A complex
nonlinear connection on T′E is given by a complex vector subbundle HT′E of
T′E such that T′E = HT′E ⊕ V T′E. If lh is the horizontal lift, then similar
considerations as in the real case ([12]) lead to the following local expression of
lh(Zα) = Zα −NβαVβ , lh(Vα) = 0,
where Nβα = N
β
α (z, u) are functions defined on E, called the coefficients of the
complex nonlinear connection on T′E.
Denote by
δα = Zα −NβαVβ (2.45)
in order to obtain a local frame {δα,Vα} on T′E, called the adapted frame with
respect to the complex nonlinear connection N on T′E. Then
ρT(δα) = ρ
k
α
∂
∂zk
−Nβα
∂
∂uβ
, ρT(Vα) =
∂
∂uα
. (2.46)
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The dual of the adapted frame of fields is {Zα, δVα}, where
δVα = Vα +Nαβ Z
β
and {Zα,Vα} is the dual basis of {Zα,Vα}.
Proposition 2.5. The Lie brackets of the adapted frame {δα,Vα} are
[δα, δβ ]T = C
γ
αβδγ + R
γ
αβVγ ,
[δα,Vβ ]T =
∂Nγα
∂uβ
Vβ ,
[Vα,Vβ ]T = 0,
where
R
γ
αβ = C
ε
αβN
γ
ε + ρ
k
β
∂Nγα
∂zk
− ρkα
∂Nγβ
∂zk
−Nεβ
∂Nγα
∂uε
+Nεα
∂Nγβ
∂uε
.
Now, consider the complex nonlinear connection on T ′E introduced in Sec-
tion 2.1.2. Its coefficients, Nαk (z, u), change by the rules (2.16) and the adapted
frame of fields is
{
δ
δzk
,
∂
∂uα
}
, where
δ
δzk
=
∂
∂zk
−Nαk
∂
∂uα
.
It is interesting to study the relation between the two nonlinear connections
on T ′E and T′E, respectively. The first relation in (2.46) suggests considering
another adapted frame on T ′E, defined by
δα = ρ
k
α
∂
∂zk
−Nβα
∂
∂uβ
, (2.47)
and imposing that it changes by the rules
δα = M
β
α δ˜β (2.48)
or, using (2.16) and (2.3),
Mβα N˜
γ
β = M
γ
βN
β
α − ρkα
∂Mγβ
∂zk
uβ . (2.49)
Note that these rules of change can be obtained from (2.16) by contrancting
with ρkα and by denoting
Nβα = ρ
k
αN
β
k . (2.50)
It follows that
Proposition 2.6. A complex nonlinear connection on T ′E with the coefficients
Nβk induces a complex nonlinear connection on T
′E with the coefficients Nβα
given by (2.50). Moreover, the relations between the adapted frames on T ′E
and T′E are
ρT(δα) = ρ
k
α
δ
δzk
. (2.51)
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Proof. We first have to prove that Nβα from (2.50) are the coefficients of a
complex nonlinear connection on T′E. Let ρ∗T be the dual map of ρT. Then
ρ∗T(dz
k) = ρkαZ
α and ρ∗T(du
α) = Vα, such that ρ∗T(δu
α) = ρ∗T(du
α + Nαk dz
k) =
Vα +Nαk ρ
k
βZ
β . On the other hand, on (T′E)∗, the dual adapted frame is δVα =
Vα + Nαβ Z
β and ρ∗T|(V T′E)∗ : (V T′E)∗ → (V T′E)∗ is an isomorphism, that is,
ρ∗T(δu
α) = δVα, which yields Nαk ρ
k
β = N
α
β . Also,
ρT(δα) = ρT(Zα −NβαVβ) = ρkα
∂
∂zk
−Nβα
∂
∂uβ
= ρkα
(
∂
∂zk
−Nβk
∂
∂uβ
)
= ρkα
δ
δzk
.
This result shows that the adapted frame (2.47) can very well be interpreted
as defining a new complex nonlinear connection on E. An interesting property
of this connection is that it can be derived from a spray.
Theorem 2.2. If Gα are the coefficients of a complex spray on T ′E, as defined
in (2.30), then the functions
Nβα =
∂Gα
∂uα
+ P βα (2.52)
define a complex nonlinear connection on E, where
P βα =
1
4
W βγ
(
ρkα
∂Mγδ
∂zk
uδ − ∂M
γ
α
∂zk
ρkδu
δ
)
. (2.53)
Proof. Deriving in (2.30) with respect to uγ and taking into account the (1.8)
rules of change yields
M δγ
∂G˜α
∂u˜δ
= Mαβ
∂Gβ
∂uγ
− 1
2
∂Mαγ
∂zk
ρkδu
δ − 1
2
ρkγ
∂Mαδ
∂zk
uδ.
Replacing
∂Gβ
∂uγ
= Nβγ − P βγ gives
M δγ N˜
α
δ −M δγ P˜αδ = MαβNβγ −Mαβ P βγ − ρkδ
∂Mαδ
∂zk
uδ +
1
2
ρkδ
∂Mαδ
∂zk
uδ − 1
2
∂Mαγ
∂zk
ρkδu
δ.
Comparing this with (2.49) means that we have to show that
Mαβ P
β
γ −Mδγ P˜αδ =
1
2
ρkδ
∂Mαδ
∂zk
uδ − 1
2
∂Mαγ
∂zk
ρkδu
δ. (2.54)
First, from (2.53), it follows that
Mαβ P
β
γ =
1
4
(
ρkδ
∂Mαδ
∂zk
uδ − ∂M
α
γ
∂zk
ρkδu
δ
)
. (2.55)
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Then, again using (2.53),
P˜αδ =
1
4
Mαβ
(
ρ˜hδ
∂W βε
∂z˜h
u˜ε − ∂W
β
δ
∂z˜h
ρ˜hε u˜
ε
)
,
which, multiplied by −Mδγ and using (1.8) and Mαβ
∂W βε
∂z˜h
= −∂M
α
β
∂z˜h
W βε , gives
after some basic computations
−Mδγ P˜αδ =
1
4
(
ρkδ
∂Mαδ
∂zk
uδ − ∂M
α
γ
∂zk
ρkδu
δ
)
. (2.56)
Adding (2.55) and (2.56) yields (2.54).
3 Induced Lagrange structures on holomorphic
Lie algebroids
It is interesting to study the conditions under which two nonlinear connec-
tions on E and T ′M , respectively, are linked.
The geometry of the bundle T ′M endowed with a complex Lagrangian
L(z, η), where
gij¯(z, η) =
∂2L
∂ηi∂η¯j
(3.1)
defines a nondegenerate metric, is well-known. The pair (M,L) is called complex
Lagrange space ([10]). In order to distinguish it from E, we will further denote
it (T ′M,L).
A remarcable complex nonlinear connection on T ′M is
N ik = g
j¯i ∂
2L
∂zk∂η¯j
, (3.2)
called the Chern-Lagrange nonlinear connection. If L if homogeneous in η, i.e.
L(z, λη) = λλ¯L(z, η) for all λ ∈ C, then (M,L) is called complex Finsler space
and in particular (3.2) defines a complex nonlinear connection on T ′M , called
Chern-Finsler nonlinear connection.
The problem of introducing a Lagrange (in particular, Finsler), on E by
a Lagrange (Finsler) complex space (T ′M,L) is relatively simple if we impose
some additional conditions on the fibers of E and on the anchor map ρ. We
will now analyze the three possible cases, depending on the relation between
the dimensions of M , E and the rank of ρ.
I) The case when m = n = rank ρ.
Recall that on the manifold E we have local coordinates in a map (zk, uα),
while on T ′M we have (zk, ηk), where ηk = uαρkα(z), as stated in (2.4), and
α, β, ..., i, j, ... all range over 1, n.
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Since n = rank ρ, it follows that ρ is a diffeomorphism with ρ−1 = [ραk ], such
that ρkαρ
β
k = δ
β
α and u
a = ραkη
k.
If (T ′M,L) is a complex Lagrange (Finsler) complex space and L(z, η) is
the Lagrange function, then, according to (2.4), it induces on ρ(E) another
Lagrange function, L∗(z, u) = L(z, η(u)), where the metric tensor is
gαβ¯(z, u) :=
∂2L∗
∂uα∂u¯β
= ρiαρ
j¯
β¯
gij¯ .
Since ρ is a diffeomorphism, rank gαβ¯ = n = m and L
∗ can be interpreted as a
function on E.
The pair (E,L∗) is called Lagrange structure on the Lie algebroid E. Notice
that if L is homogeneous, then L∗(z, λu) = λλ¯L∗(z, u), in which case a Finsler
structure is induced on E.
Let Nαk (z, η) be the coefficients of a nonlinear connection on E and
δ
δzk
=
∂
∂zk
−Nαk
∂
∂uα
the corresponding adapted frame of fields. It is mapped by ρ∗,
using (2.8), to
δ∗
δzk
=
∂
∂zk
−
∗
Nhk
∂
∂ηh
and we obtain
∗
Nhk (z, η) = ρ
h
αN
α
k (z, u)−
∂ρhα
∂zk
uα (3.3)
where ηk = uαρkα(z). From
δ
δzh
=
∂z˜k
∂zh
δ
δz˜k
, it follows that for a change of local
maps on E we have
δ∗
δzh
=
∂z˜k
∂zh
δ∗
δz˜k
, hence
∗
Nhk defines a nonlinear connection,
induced on T ′M by Nαk .
Conversely, let Nhk be a complex nonlinear connection on T
′M . We search
for a nonlinear connection
∗
Nαk induced on E by N
h
k . Obviously, we will need that
Nhk (z, η) = ρ
h
α
∗
Nαk (z, u) −
∂ρhα
∂zk
uα, which, contracted with ρβh gives
∗
Nβk (z, u) =
ρβhN
h
k (z, η) + ρ
β
h
∂ρhα
∂zk
uα. By deriving the condition ρkαρ
β
k = δ
β
α and substituting
in the above we get the following nonlinear connection induced on E:
∗
Nαk (z, u) = ρ
α
hN
h
k (z, η)−
∂ραh
∂zk
ηk. (3.4)
To conclude, in the case when m = n = rank ρ, the diffeomorphism ρ∗ maps
the decomposition T ′E = V E ⊕ HE in T ′T ′M = V T ′M ⊕ HT ′M preserving
the distributions, and ρ−1∗ has the converse role.
Proposition 3.1. If (T ′M,L) is a complex Lagrange (Finsler) space and (3.2)
is an associated complex nonlinear connection, then
∗
Nαk = g
β¯α ∂
2L∗
∂zk∂u¯β
(3.5)
is the nonlinear connection induced on E, called the Chern-Lagrange connection
of the Lie algebroid.
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II) The case when rank ρ = m < n.
Note that, in this case, the morphism ρ maps E in ρ(E) which is an immersed
submanifold of T ′M .
As in the first case, we will introduce on E Lagrange structures induced by
a Lagrange structure (T ′M,L).
Let gij¯(z, η) =
∂2L
∂ηi∂η¯j
the metric tensor defined by the regular Lagrangian
L : T ′M → R. As in the first case, we consider the Lagrangian induced on ρ(E)
given by L∗(z, u) = L(z, η(u)), with the metric tensor
gαβ¯(z, u) :=
∂2L∗
∂uα∂u¯β
= ρiαρ
j¯
β¯
gij¯ .
Since rank ρ = m and rank[gij¯ ] = n > m, it follows that rank[gαβ¯ ] = m.
Let Xα = ρ
k
α
∂
∂zk
∈ χ(M), α = 1,m, be fields on the basis manifold M .
From rank ρ = m we read that {Xα} are linear independent and can be lifted
to ρ(E) by
{
X∗α :=
∂
∂uα
= ρkα
∂
∂ηk
}
α=1,m
, which defines an m-dimensional
subdistribution V ρ(E) of the n-dimensional distribution V T ′M .
Let us fix a complex nonlinear connection Nhk (z, η) on T
′M , in particular the
Chern-Lagrange connection, and let us consider its adapted basis and cobasis.
We search for a nonlinear connection
∗
Nαk (z, η(u)) induced by N
h
k (z, η) as the
image through ρ of a nonlinear connection Nαk (z, u) on E.
Denote by G = gij¯δη
i ⊗ δη¯j the metric structure on V T ′M . We complete
{X∗α}α=1,m with {Ya}a=1,n−m, vector fields normal to V ρ(E) with respect to G.
Moreover, we assume these vectors to be orthonormal. By writing Ya = Y
k
a
∂
∂ηk
,
the orthogonality conditions read
gij¯Y
i
aρ
j¯
α¯ = gij¯ρ
i
αY
j¯
a¯ = 0 (3.6)
and the normality ones give gij¯Y
i
aY
j¯
b¯
= δab.
We have thus obtained R∗ = {X∗α, Ya}, a frame on V T ′M with the matrix
R = [ρiα ; Y
i
a ] of change from the natural frame
{
∂
∂ηk
}
. Let R−1 = [ραi ; Y
a
i ]
t
its inverse matrix, such that
ραi ρ
i
β = δ
α
β ; ρ
α
i Y
i
a = 0 ; Y
a
i Y
i
b = 0 ; ρ
j
αρ
α
i + Y
j
a Y
a
i = δ
j
i . (3.7)
The technique used in the following is known from holomorphic subspaces,
[10]. From (3.7) we get
gj¯kY ak ρ
α¯
j¯ = 0 ; g
β¯α = ραi ρ
β¯
j¯
gj¯i. (3.8)
Now, let Nhk (z, η) be a complex nonlinear connection on T
′M and Nαk (z, u)
a connection on E, with the adapted cobases {dzk, δuα = duα + Nαh dzh} and
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{dzk, δηk = dηk +Nkhdzh}, respectively. The identities in (2.9) suggest consid-
ering the cobasis δηk as a frame of forms δ∗ηk = d∗ηk +
∗
Nkhd
∗zh induced on
ρ(E), where
∗
Nkh = N
k
h (z, η) with η
k = ρkαu
α. Among these, only m are linear
independent. In the following, for the simplicity of writing, we will identify
∗
Nkh = N
k
h .
Definition 3.1. Nαk is called an induced connection on E by N
h
k from T
′M if
δuα = ραk δ
∗ηk. (3.9)
In matrix form, the right-hand side yields rank[δuα] = m, thus {δuα} can
define a cobasis on E. Substituting from (2.9), we obtain
duα +Nαh dz
h = ραk
{
uβ
∂ρkβ
∂zh
dzh + ρkβdu
β +Nkhdz
h
}
,
such that ραkρ
k
β = δ
α
β yields du
α +Nαh dz
h = duα + ραk
{
Nkh + u
β
∂ρkβ
∂zh
}
dzh. This
means that the connections are linked by
Nαh (z, u) = ρ
α
k
{
Nkh (z, η) + u
β
∂ρkβ
∂zh
}
, where ηk = ρkαu
α. (3.10)
Thus, given a nonlinear connection Nkh (z, η) on T
′M , we have obtained a
nonlinear connection Nαh (z, u) on E. The relations between the two connections
are given in the following
Proposition 3.2. If Nαh (z, u) is the nonlinear connection induced on E by the
nonlinear connection Nkh (z, η) from T
′M , then
i) dzk = d∗zk ; δ∗ηk = ρkαδu
α + Y ka Y
a
j H
j
hdz
h, where Hjh = N
j
h + u
β
∂ρjβ
∂zh
.
ii)
δ∗
δzk
=
δ
δzk
+ Y ak Y
h
a H
j
h
∂
∂ηj ;
∂∗
∂uα
= ρkα
∂
∂ηk
.
Proof. The first point is already proven, thus we only have to prove ii):
δ∗
δzk
=
∂∗
∂zk
−Nαk
∂∗
∂uα
=
∂
∂zk
+ uα
∂ρhα
∂zk
∂
∂ηh
−Nαk ρhα
∂
∂ηh
=
δ
δzk
+Nhk
∂
∂ηh
+ uα
∂ρhα
∂zk
∂
∂ηh
− ρhαραk
{
N jh + u
β
∂ρjβ
∂zh
}
∂
∂ηj
.
Using ρhαρ
α
k = δ
h
k − Y ak Y ha yields
δ∗
δzk
=
δ
δzk
+ Y ak Y
h
a H
j
h
∂
∂ηj
.
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Let us consider on T ′M the Chern-Lagrange connection, N ik = g
j¯i ∂
2L
∂zk∂η¯j
,
while on ρ(E) we consider a nonlinear connection of Chern-Lagrange type,
Nαk = g
β¯α ∂
2L∗
∂∗zk∂∗u¯β
. (3.11)
Then
Nαk = ρ
α
i ρ
β¯
j¯
gj¯i
∂∗
∂zk
(
ρh¯β¯
∂L
∂η¯h
)
= ραi ρ
β¯
j¯
gj¯i
(
∂
∂zk
+ uγ
∂ρlγ
∂zk
∂
∂ηl
)(
ρh¯β¯
∂L
∂η¯h
)
and since ρ is holomorphic, hence
∂
∂zk
(
ρh¯
β¯
)
= 0, we get
Nαk = ρ
α
i ρ
β¯
j¯
gj¯i
(
ρh¯β¯
∂2L
∂zk∂η¯h
+ uγ
∂ρlγ
∂zk
ρh¯β¯glh¯
)
= ραi ρ
β¯
j¯
ρh¯β¯g
j¯i
(
∂2L
∂zk∂η¯h
+ uγ
∂ρlγ
∂zk
glh¯
)
.
With ρβ¯
j¯
ρh¯
β¯
= δh¯
j¯
− Y a¯
j¯
Y h¯a¯ , it follows that
Nαk = ρ
α
i g
h¯i ∂
2L
∂zk∂η¯h
+ ραi u
γ
∂ρiγ
∂zk
− ραi Y a¯j¯ Y h¯a¯ gj¯i
(
∂2L
∂zk∂η¯h
+ uγ
∂ρlγ
∂zk
glh¯
)
.
Now, using (3.8), we obtain Nαk = ρ
α
i N
α
k = ρ
α
i
(
N ik + u
γ
∂ρiγ
∂zk
)
, which, com-
pared to (3.10), gives the following
Proposition 3.3. The nonlinear connection induced on E by the Chern-Lagrange
given by (3.2) from T ′M , coincides with (3.11).
III) The case when rank ρ = n < m.
In this case, ρ is a submersion and ρ(E) can be identified with T ′M . We
will introduce a Lagrange structure on T ′M induced by a Lagrange structure
on E.
Let L(z, u) be a regular Lagrangian on E with the metric tensor gαβ¯(z, u) =
∂2L
∂uα∂u¯β
, with det[gαβ¯ ] 6= 0, such that rank gαβ¯ = m. Let gβ¯α be the inverse of
the metric tensor, that is, gβ¯αgγβ¯ = δ
α
γ .
On T ′M we have the induced frame (2.8) and its coframe (2.9). The La-
grangian L(z, u) will be mapped by ρ in L∗(z, ηk = ρkαu
α) and using (2.8) we
compute
g∗αβ¯ =
∂∗2L∗
∂uα∂u¯β
= ρiαρ
j¯
β¯
gij¯ , where gij¯(z, η) =
∂2L∗
∂ηi∂η¯j
.
We obtain rank[gij¯ ] = n, since rank ρ = n.
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On E, we define the following n vertical, linear independent forms
dvk = ρkαdu
α.
They form an n-dimensional distribution, denoted by ρ1T ′∗M , of the m-
dimensional distribution V ′∗E, and, according to (2.8), are linked with their
image through ρ∗ on T ′∗M by
dzk = dz∗k ; dvk = d∗ηk − uα ∂ρ
k
α
∂zh
dzh, (3.12)
where ηk = ρkαu
α.
We now complete {dvk}k=1,n to a cobasis of V ′∗E with {dya = Y aα duα}a=1,m−n.
We obtain the matrix of this frame, R =
[
ρkα ; Y
a
α
]t
. If GE = gαβ¯du
α ⊗ du¯β
is a metric in the vertical bundle, using the isomorphism of the tangent and
cotangent spaces, let G−1E = g
β¯α ∂
∂uα
⊗ ∂
∂u¯α
be its action on V ′∗E.
Using the same idea as in the second case, we impose that {dya} are normal
forms with respect to G−1E on ρ
1T ′∗M and also that they are orthonormal, that
is,
gβ¯αY aα ρ
k¯
β¯ = g
β¯αρkαY
β¯
α¯ = 0 and g
β¯αY aα Y
b¯
β¯ = δ
ab.
We have thus obtained a different coframe from the natural one, {dvk, dya}
on V ′∗E. Let R = [ραk ; Y
α
a ] be the inverse matrix of R,
ραkρ
h
α = δ
h
k ; ρ
α
kY
a
α = 0 ; Y
k
α Y
α
a = 0 ; ρ
i
αρ
β
i + Y
a
α Y
β
a = δ
β
α.
The first identity yields that
{
∂
∂zk
,
∂
∂vk
:= ραk
∂
∂uα
}
is the dual frame of
{dzk, dvk} on ρ1T ′∗M , since dzk
(
∂
∂zh
)
= δkh. Indeed, using (3.12), we have
dzk
(
∂
∂zh
)
= 0, since d∗ηk
(
∂
∂zh
)
= uα
∂ρkα
∂zh
. Also, dvk
(
∂
∂vh
)
= ραhρ
k
α = δ
k
h
and dvk
(
∂
∂zk
)
= 0.
From (2.8), we have
ρ∗
(
∂
∂zk
)
=:
∂∗
∂zk
=
∂
∂zk
+ uα
∂ρhα
∂zk
∂
∂ηh
ρ∗
(
∂
∂vk
)
=:
∂∗
∂vk
= ραk
∂∗
∂uα
= ραkρ
h
α
∂
∂ηh
=
∂
∂ηk
Thus,
gij¯(z, η) =
∂2L∗
∂ηi∂η¯j
= ραi ρ
β¯
j¯
∂∗2L∗
∂uα∂u¯β
=
∂∗2L∗
∂vi∂v¯j
:=
(
gij¯(z, u)
)∗
(3.13)
where ηk = ρkαu
α.
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Let Nαk (z, u) be a nonlinear connection on E and N
h
k (z, η) a nonlinear con-
nection on T ′M , with the adapted cobases δuα = duα + Nαh dz
h and δηk =
dηk + Nkhdz
h, respectively. Let (zk, ηk = ρkαu
α) be the coordinates induced on
T ′M by ρ and δ∗ηk = d∗ηk +Nkh (z, ρ
k
αu
α)dzh.
Definition 3.2. The nonlinear connection Nkh (z, η) is called induced on ρ(E) ≡
T ′M if
δ∗ηk = ρkαδu
α. (3.14)
Using (3.12), we obtain dvk+uα
∂ρkα
∂zh
dzh+Nkh (z, ρ
k
αu
α)dzh = ρkα
(
duα +Nαh dz
h
)
.
With dvk = ρkαdu
α, this yields
Proposition 3.4. The nonlinear connection Nkh (z, η) is induced on ρ(E) by the
nonlinear connection Nαk (z, u) from E if and only if
Nkh (z, η) = ρ
k
αN
α
h (z, u)− uα
∂ρkα
∂zh
, (3.15)
where ηk = ρkαu
α.
We now compute
δ∗
δzk
=
∂∗
∂zk
− Nαk
∂∗
∂uα
=
∂
∂zk
+ uα
∂ρhα
∂zk
∂
∂ηh
− Nαk ρhα
∂
∂ηh
and replacing Nαk ρ
h
α from (3.15) gives
δ∗
δzk
=
δ
δzk
on T ′M .
Also, using (2.9), δηk = dηk+Nkhdz
h = d∗ηk+
(
ρkαN
α
h (z, u)− uα
∂ρkα
∂zh
)
dzh =
ρkαδu
α = δ∗ηk.
Proposition 3.5. The adapted basis and cobasis of the nonlinear connection
Nhk (z, η) induced by N
α
k (z, u) define the adapted frame and coframe on T
′M
given by
δ
δzk
=
δ∗
δzk
;
∂
∂ηk
= ραk
∂∗
∂uα
=
∂∗
∂vk
dzk = d∗zk ; δηk = ρkαδu
α = δ∗ηk.
Proposition 3.6. The Chern-Lagrange nonlinear connection from E induces
the Chern-Lagrange connection on T ′M .
Proof. It follows in a similar manner an in the second case.
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